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BERLINS-VERGNE VALUATION AND GENERALIZED 

PERMUTOHEDRA 

FEDERICO CASTILLO AND FU LIU 


Abstract. Generalizing a conjecture by De Loera et al., we conjecture that all the integral 
generalized permutohedra have positive Ehrhart coefficients. Berline-Vergne constructe a 
valuation that assign values to faces of polytopes, which provides a way to write Ehrhart 
coefficients of a polytope as positive sums of these values. Based on empirical results, we 
conjecture Berline-Vergne’s valuation is always positive on regular permutohedra, which 
implies our first conjecture. 

This article proves that our conjecture on Berline-Vergne’s valuation is true for dimension 
up to 6, and is true if we restrict to faces of codimension up to 3. We also give two equivalent 
statements to this conjecture in terms of mixed valuations and Todd class, respectively. In 
addition to investigating the positivity conjectures, we study the Berline-Vergne’s valuation, 
and show that it is the unique construction for McMullen’s formula (used to describe number 
of lattice points in a polytope) under certain symmetry constraints. 


1. Introduction 

A lattice point is a point in Given any bounded set S C we let 

Lat(^) := l^nZ^I 

be the number of lattice points in S. Given a polytope P in a natural enumerative 
problem is to compute Lat(P). In this paper, we will focus on integral polytopes, i.e., poly¬ 
topes whose vertices are all lattice points, and generalized permutohedra - a special family 
of polytopes. 

1.1. Motivation: Ehrhart positivity for generalized permutohedra. One approach 
to study the question of computing Lat(P) for an integral polytope P is to consider a more 
general counting problem: For any nonnegative integer t, let tP := {fx | x G P} be the t-th 
dilation of P, and then consider the function 

i{P, t) := Lat(fP) 

that counts the number of lattice points in tP. It is a classic result that i{P, t) is a polynomial 
in t. More precisely: 

Theorem 1.1 (Ehrhart [6]). There exists a polynomial f{x) such that f{t) = i{P,t) for any 
t e Z>o. Moreover, the degree of f{x) is egual to the dimension of P. 


Key words and phrases. Ehrhart polynomials, generalized permutohedra, mixed valuations, Berline- 
Vergne construction. 
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We call the function i{P,t) the Ehrhart polynomial of P. A few coefficients of i{P,t) are 
well understood: the leading coefficient is equal to the normalized volume of P, the second 
coefficient is one half of the sum of the normalized volumes of facets, and the constant term 
is always 1. However, although formulas are derived for the other coefficients, they are 
quite complicated. One notices that the leading, second and last coefficients of the Ehrhart 
polynomial of any integral polytope are always positive; but it is not true for the rest of the 
coefficients for general polytopes. We say a polytope has Ehrhart positivity or is Ehrhart 
positive if it has positive Ehrhart coefficients. 

There are few families of polytopes known to be Ehrhart positive. Zonotopes, in particular 
the regular permutohedra, are Ehrhart positive m Theorem 2.2]. Cyclic polytopes also have 
this property. Their Ehrhart coefficients are given by the volumes of certain projections of 
the original polytope [9]. Stanley-Pitman polytopes are defined in im where a formula for 
the Ehrhart polynomial is given and from which Ehrhart positivity follows. Recently in [S] 
De Loera, Haws, and Koeppe study the case of matroid base polytopes and conjecture they 
are Ehrhart positive. Both Stanley-Pitman polytopes and matroid base polytopes fit into a 
bigger family: generalized permutohedra. 

In [13] Postnikov defines generalized permutohedra as polytopes obtained by moving the 
vertices of a usual permutohedron while keeping the same edge directions. That’s what he 
calls a generalized permutohedron of type z. He also considers a strictly smaller family, type 
y, consisting of sums of dilated simplices. He describes the Ehrhart polynomial for the type 
y family in Cl Theorem 11.3], from which Ehrhart positivity follows. The type y family 
includes the Stanley-Pitman polytopes, associahedra, cyclohedra, and more (see m Section 
8]), but fails to contain matroid base polytopes, which are type z generalized permutohedra 
[U Proposition 2.4]. 

We give the following conjecture: 

Conjecture 1.2. Integral generalized permutohedra are Ehrhart positive. 

Note that since generalized permutohedra contain the family of matroid base polytopes, 
our conjecture is a generalization of the conjecture on Ehrhart positivity of matroid base 
polytopes given in |2] by De Loera et ah 

Instead of studying the above conjecture directly, we will reduce it to another conjecture 
which only concerns regular permutohedra, a smaller family of polytopes. 

1.2. McMullen’s formula and o-positivity. In 1975 Danilov asked if it is possible to 
assign values r^ to cones a such that 

(1.1) Td(A'(A)) = 5^ ,v|l/((r)|, 

(tGA 

where A is a complete fan, X (A) is the corresponding toric variety, and V (a) is the closed 
subvariety associated with a. Notice the special feature of Formula fll.ip : the value of r„ 
only depends on the cone a, but not on the fan A. We call this the Danilov condition. 

If such an expression exists, then the following McMullen’s formula holds for any integral 
polytope P: 

Lat(P) = a{F,P) nYo\{F), 

F-. a face of P 
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where a{F,P) is set to be r„ where a is the normal cone of P at F, and nvol(F) is the 
normalized volume of F. 

In fact, one can asks directly the existence of McMullen’s formula (independently from 
Danilov’s question). More specihcally, one can ask whether there are ways to assign values 
to cones such that McMullen’s formula holds if a{F, P) only depends on the normal cone of 
P at F. We will discuss the implication fll.ip ^ fll.2p in Section [71 But for most the paper, 
we focus on McMullen’s formula. 

McMullen [10] was the hrst to conhrm the exsitence of Formula fll.2l) in a non constructive 
way (which was the reason we call this formula McMullen’s formula). Morelli [11] supplied 
the hrst explicit way to choose answering Danilov’s question. Pommersheim and Thomas 
[12] gave a canonical construction of based on choices of hags. As we discussed above, both 
of these two constructions naturally give a way to construct a for McMullen’s formula fll.2p 
Berline and Vergne [1] were able to construct such a in a computable way. One immediate 
consequence of the existence of Formula fll.2p is that if a{F, P) is positive for each face F of 
F, then Ehrhart positivity follows. (See Theorem 13.11 and Lemma IX7D Hence, it is natural to 
say that a polytope P has a-positivity or is a-positive if all a’s associated to F are positive. 

Although there are diherent constructions for a{F,P), Berline-Vergne’s construction has 
certain nice properties that are good for our purpose, and thus we will use their construction 
in our paper. We refer to their construction for a{F, P) as the BV-a-valuation. To be more 
precise, we will use the terminologies BV-a-positivity and BV-a-positive to indicate the a’s 
we use are from the BV-a-valuation. 

At present, the explicit computation of the BV-a-valuation is a recursive, complicated 
process, but we carry it out in the special example of regular permutohedra of small di¬ 
mensions, whose symmetry simplihes the computations. Based on our empirical results, we 
conjecture the following: 

Conjecture 1.3. Every regular permutohedron is BV-a-positive. 

One important property of the BV-a-valuation enables us to reduce the problem of proving 
the Ehrhart positivity of all generalized permutohedra to proving the positivity of all the 
a’s arising from the regular permutohedra. 

Theorem 1.4. Conjecture \l.d\ implies Conjecture \1.‘A 

Therefore, we focus on proving Conjecture 11.31 instead. In this paper, we provide partial 
progress on proving Conjecture 11.31 (and thus Conjecture ll.2p . as well as present equivalent 
statements to Conjecture 1 1.3 1 in terms of mixed valuations and Todd class respectively. 

Organization of the paper. In Section [T] we give basic dehnitions and review background 
results that are relevant to our paper. In Section (3] we gives details of the BV-a-valuation, 
discuss consequences of the properties of this construction. In particular, we complete the 
proof of Theorem 11.41 

In Section 0] assuming the a function in McMullen’s formula fll.2p is symmetric about 
the coordinates (a property of the BV-a-valuation), we derive a combinatorial formula for 
Lat(Perm(u)) indexed by subsets of [u], where Perm('u) is a generic permutohedron., which 
belongs to a family of generalized permutohedra containing the regular permutohera. In 
Section O we carry out direct computation to find values of BV-a-valuations for regular 
permutohedra, and verify that Conjecture 11.31 is true for dimension up to 6. We are also 
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able to verify positivity of a{F, If^) for faces F of codimension 2 or 3. There results provide 
evidences to Conjecture 11.31 

In addition to investigating positivity of the a’s, there are other questions one can ask 
about these constructions. Although there are different constructions for a, one still won¬ 
ders whether under certain constraints, the construction is unique. In Section El using the 
combinatorial formula we derived in Section 0] and theories of mixed valuations, we show 
that the a-values arising from the regular permutohedron is unique as long as we assume a is 
symmetric about the coordinates. As a consequence of our techniques, we give an equivalent 
statement to Conjecture 11.31 in terms of mixed valuations fCorollary I6.6p . 

In Section [71 we quickly review the connection with toric varieties as in |8l Section 5.3]. 
Analogously to the treatment of mixed volumes in [HI Section 5.4], we can relate the more 
general mixed valuations to some intersection theoretic quantities. With these arguments we 
can give one more equivalence of our main Conjecture 11.31 It relates to the positivity of the 
Todd class of the permutohedral variety (in some) expression in terms of the torus invariant 
cycles. 

Acknowledgement. The authors thank Federico Ardila many helpful discussions. We also 
thank Nicole Berline and Michele Vergne for useful comments and for providing a code used 
in some of the computations. 


2. Background 

In this section and the next section, we assume the ambient space is and is the 
lattice in For any H-vector a, Q:j(-) is the linear function that maps x G to the 
scalar product of o: and x. Since we can consider q:(-) as a point in the dual space (M^)* 
of we will use the notation a (or any bold letter) to denote both the vector and the 
linear function. 

We assume familiarity with basic definitions of polyhedra and polytopes as presented in 
[?, ?], and only review terminologies and setups that are relevant to us. 

A polyhedron is the set of points defined by a linear system of equalities and inequalities 

Q:j(x) = tCj, VI < i < rui, 

(2.1) /3i(x) < Zi, VI < i < m2. 

For simplicity, we let A be the irti x D matrix whose row vectors are B the m 2 x D 
matrix whose row vectors are /3j’s, w = (wi,..., and 2 = (zi,..., Zm 2 )'^, so the above 

linear system can be represented as 

Ax = w , Bx < z . 

A polytope is a bounded polyhedron. (A polytope can also be defined as the convex hull 
of a hnite set of points.) 

For any polyhedron P, we use vert(P) to denote the vertex set of P. An integral polyhedron 
is a polyhedron whose vertices are all lattice points, i.e., points with integer coordinates. 

Let be a subspace of M^, and A := 1/ fl the lattice in V. For any polytope P that is 
lying in an affine space that is a translation of V, we dehne the volume of P normalized to 
the lattice A to be the integral 

Vo1a(P) := j 1 dA, 
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where dK is the canonical Lebesgue measure dehned by the lattice A. In the case where 
dimP = dim A, we get the normalized volume of P, denoted by nvol(P). 

2.1. Cones and fans. A (polyhedral) eone is the set of all nonegative linear combinations 
of a hnite set of vectors. A shifted cone is a set of points in the form of C + x where C a 
cone and x is a point. A shifted cone is pointed if it does not contain a line. A shifted cone 
C + X is rational if the cone C is generated by vectors with rational coordinates. 

Definition 2.1. Suppose P is a polyhedron and P is a face. The tangent cone of P at P is: 

tcone(P, P) = {P + u : F + Su & P for sufficiently small 5} . 

The feasible cone of P at P is: 

fcone(P, P) = {u : F + Su & P for sufficiently small 

Note that tcone(P, P) is a shifted cone, but not necessarily a cone, when fcone(P, P) is 
always a cone. 

In order to always work with pointed cones, we also dehne 

tcone^(P, P) = tcone(P, P)/L and fcone^(P, P) = fcone(P, P)/L 

where L is the affine space spanned by P. Then tcone^(P, P) and fcone^(P, P) are pointed 
(shifted) cones with dimension dim P — dim P. 

Definition 2.2. Suppose C is a subspace of Let K F V he a cone. The polar cone of 
K with respect to V is the cone 

Kv = {y^y*iy(^)<o,VxEK}. 

In the situation where K is full-dimensional in V, we will omit the subscript V and the words 
“with respect to V”. 

Definition 2.3. Suppose C is a subspace of and P C V -h y for some y G M^. Given 
any face P of P, the normal cone of P at P with respect to V is 

nconey(P, P) := {u E V* : G P, Vp 2 ^ P} ■ 

Therefore, nconey(P, P) is the collection of linear functions u in V* such that u attains 
maximum value at P over all points in P. 

The normal fan Sy(P) of P with respect to V is the collection of all normal cones of P. 
In the situation where the affine span of P is V -h y, i.e., dim(P) = dim(G), we will omit 
the subscript V and the words “with respect to V”. 

We have the following easy results for normal cones which will be useful for our paper. 

Lemma 2.4. Let L be the shift of the affine span of F to the origin. Then nconey(P, P) 
spans the orthogonal complement of L with respect to V. Hence, 

(2.2) nconey(P, P) = dimG — dimP. 

Furthermore, the pointed feasible cone of P at F and the normal cone of P at F are polar 
to one another in the following sense: 

(2.3) (fcone^(P, P))y/j^ = nconey(P, P) and (nconey(P, P))^/^. = fcone^(P, P). 
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2.2. Generalized permutohedra. We introduce generalized permutohedra, the main fam¬ 
ily of polytopes we study in this paper. In this part and any later part that is related to 
generalized permutohedra, we assume D = n + 1, i.e., the ambient is First, we present 

the usual permutohedron as the convex hull of a hnite number of points. 

Definition 2.5. Given a point v = ,W+i) £ we construct the usual per¬ 

mutohedron 

Perm('i;) = Perm(ni,n2, • • • , W+i) := conv (n^(i), n^(2), • • • , W(n+i)) : o' G &n+i) 

In particular, if x = ( 1 , 2 ,..., n -|- 1 ), we obtain the regular permutohedron^ denoted by n„, 

Yin '■= Perm(l, 2,..., n -f 1). 

Note that as long as there are two different entries in v we have dim(Perm(n)) = n. 

The generalized permutohedra is orginally introduced by Postnikov m Dehnition 6.1] as 
polytopes obtained from usual permutohedra by moving vertices while preserving all edge 
directions. In [13], Postnikov, Reiner, and Williams give several equivalent dehnitions, one 
of which uses concepts of normal fans. 

Definition 2.6. Let V be the subspace of dehned by Xi -|- 0:2 -|- • • • + Xn+i = 0. The 
braid arrangement fan, denoted by is the complete fan in V given by the hyperplanes 

Xi — Xj = 0 for all i 7 ^ j. 

Proposition 2.7 (Proposition 3.2 of [I3]). Let V be the subspace of defined by xi + 
X 2 + ■ ■ ■ + x„+i = 0. A polytope P in is a generalized permutohedron if and only if its 
normal fan Sy(P) with respect to V is refined by the braid arrangement fan 53n. 

It follows from m Proposition 2.6] that as long as v = {vi,V 2 ,--- ,W+i) has distinct 
coordinates, the associated usual permutohedron Perm(t;) has the braid arrangement as 
its normal fan. We call Perm(t;) with v of distinct coordinates a generic permutohedron. In 
particular, the regular permutohedron 11 ,^ is a generic permutohedron. 


2.3. Indicator functions and algebra of polyhedra. For a set S' C R^, the indicator 
function [S] : R^ —)■ R of S is dehned as 


[S](x) 


1 if X G S, 
0 if X ^ S. 


Let P be a subspace of R^. The algebra of polyhedra, denoted by ViV), is the vector space 
dehned as the span of the indicator functions of all polyhedra in V. We similarly dehne Vb{V) 
as the algebra of polytopes. For any x G R^, the algebra of shifted cones at x, denoted by 
Cx(P), is the vector space dehned as the span of the indicator functions of all shifted cones 
that are in the form of G -|- x for some cone C. 

A linear transformation 0 : P(P),Pb(P),Cx(P) YV, where IF is a vector space, is a 
valuation. 

Both volume VoIa(-) and number of lattice points Lat(-) are valuations on the algebra of 
polytopes. However, normalized volume nvol(-) is not a valuation. 

Below is an important result on indicator functions of feasible cones at vertices. 
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Theorem 2.8 (Theorem 6.6 of [2]). Suppose P is a nonempty polytope. Then 
10 ) - E [fcone^(r;, P)] modulo polyhedra with lines 

V. a vertex of P 

2.4. Mixed valuations. Let A be a sublattice of and V is the span of A. 

A valuation is a A-valuation if it is invariant under A-translation. We say a valuation 0 is 
homogeneous of degree d if (f){[tP]) = t'^0([P]) for any integral polytope P and t G Z>o. It’s 
clear that VoIa is homogeneous of degree dim A, but Lat is not homogenous. 

The following important theorem by McMullen is a special case of uni Theorem 6 ]. 

Theorem 2.9. Suppose cf is a homogeneous A-valuation on Vh{V) of degree d. Then there 
exists a function Ai which takes d integral polytopes as inputs such that 

(2.4) 0(tiPi + t 2 P 2 H- \-tkPk)= ^2 ■ • • ) 

ii,---Jde[rf] 

for any k e Z>o, any integral polytopes Pi,..., Pk <Z V and ti,... ,tk G Z>o. 

The following definition and lemma are stated in [3 Section 3 of Chapter IV] for the 
volume valuation (which is a homogeneous valuation). We give the general forms here. 

Definition 2.10. Let 0 and Ai be as in Theorem 12.91 We define another function Ai(j) that 
takes d integral polytopes as inputs as an average of the function Ai : 

Ai<f(Pi, -M(P.( 1 ), • • • , Pa(,)). 

a-GSd 

It is easy to see that Aif) is uniquely chosen for each 0 , and fl2.4p still holds for Aicj) : 

(2.5) 0(tlPl + ^ 2-^2 +- \-tkPk)= ^ " ■:Pjd)^h" Pjd-: 

3ld-dd&[d\ 

We call AA(j) the mixed valuation of 0. 

The lemma below gives two properties of the mixed valuation Aicp. 

Lemma 2.11. (i) For any integral polytopes Pi,..., Pd, and any permutation a G &d, 

we have 

( 2 . 6 ) AA(j){Pi ,..., Pd) = Ai(f){Pa(i ),..., Po-(d))- 

(ii) The function Ai(j) is a multi-linear function, that is, it is linear in each component. 

Proof, (i) follows directly from the definition of Aicp. For (ii), we will just prove Ai(j) is linear 
in the first component, that is, to show for any integral polytopes Pi, P(, P 2 , P 3 ,..., P„ and 
nonnegative integers Si,s']^, we have 

(2.7) AicfisiPi + s[Pi, P 2 ,..., Pd) = siMcfiPi, P 2 ,..., Pd) + s'lMcfiPi, P 2 ,..., Pd), 

We apply fl2.5p to both sides of the following equality: 

0 (tl(SiPi -|- s)P() -|- t2P2 + • • ■ + tdPd) = 0 ((tlSi)Pi -|- (tiSi)P[ + t2P2 + ' ' ' + tdPd)- 

Consider si and s'l as fixed numbers. Then each side gives a homogeneous polynomial in 
ti,t 2 , ■ ■ ■, td- Since these two homogeneous polynomials agree on all ti, t 2 , ■ ■ ■ ,tn G Z>o, we 
conclude that they are exactly the same polynomials, and thus their coefficients agree. Then 
fl2.7p follows from fl 2 . 6 p and comparing the coefficients of tit 2 ■ ■ - t^. □ 
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Apply the above results to volume valuation, a homogeneous valuation, we obtain the 
following: 

Theorem 2.12 (Theorem 3.2 of [7]). Suppose Pi, ■ ■ ■ ,Pk are integral polytopes with dim(Pi + 

■ ■ ■ + Pfc) = d. Let A be the d-dimensional lattice span(Pi + ■ ■ ■ + P^) fl Then 

d 

VolA(tlPl + ^2.^2 + ■ ■ ■ + tfcPfc) = A1 Vo1a(P;i, Pj2-, ■ ■ • 5 Pjd)^h ■ ■ '^jd 

jl,-- Jd=l 

where the sum is carried out independently over the ji. The function A1Vo1a(Pji, Pj 2 , ■ ■ ■ , Pjd) 
is called the mixed volume of Pj^, Pj^, - ■ ■ , Pj^. 

Furthermore we have the following properties: 

Theorem 2.13 (Theorem 4.13 of [7j). Let Pi, • • • ,Pd be integral polytopes. Then, 

(1) MVo1a(Pi,--- >0 

(2) A1Vo1a(Pi, • • • , Pd) > 0 z/ and only if each Pi contains a line segment li = [ai,bi\ 
such that bi — ai, - ■ ■ ,bd — Od are linearly independent. 

The lattice point, or counting, valuation Lat is not homogeneous. However it can be 
decomposed into homogeneous parts. 

Theorem 2.14 (Theorem 5 of [IQ]). Suppose V is d-dimensional. Then we can decompose 
the valuation Lat as 

Lat = Lat^ + • ■ ■ + Lat^ + Lat° 
where Lat'’ is homogenenous of degree r. 

This decomposition corresponds to the coefficients of the Ehrhart polynomial, in particular 
Lat'^ corresponds to the volume valuation VoIa, where A = H fl Z^. Applying Theorem 12.91 
and Lemma [2. Ill to each homogeneous function Lat'^ gives us the following result: 

Theorem 2.15. Suppose Pi, ■ ■ ■ ,Pk are integral polytopes with dim(Pi + - ■ -TPa:) = d. Then 

d e 

Lat(tiPi + t2P2 + ■ ■ ■ + tkPk) = AlLat'^(Pj^, Pjj, • • • , Pje)tji ■ ■ ■ tj,,. 

e=0 jl,--- Je=l 

We cannot expect AlLat'’ or any other mixed valuation JLief to be nonnegative in general. 
However we have a way to compute them. 

Theorem 2.16. Suppose (p is a homogeneous A-valuation on Vb{V) of degree d.For any 
integral polytopes Pi, P 2 , • • • , Pd (Z V, we have 

d]M4>(Pi,p-i ,---(-1 A'-'''> (E 

jc[d] Viej / 

Proof. We dehne two functions / and g on the boolean algebra of order d. (See [HI Chapter 
3].) For any subset T C [d], let 

and 9(0:= Y. (O.. O. ■ ■' . OJ ■ 

V*eT / jl,.--,jd&[d] 

uti{id=s 
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Apply fl2.5p with = 1 to /(T), one sees that /(T) = J2sct Therefore, by Mobius 
inversion, we get 

g{T) = 

SCT 

Then the theorem follows from evaluate the above equality at T = [d]. □ 


3. McMullen’s formula and the BV-o-valuation 

Recall in the introduction, we’ve discussed the question of the existence of the following 
McMullen’s formula 

(3.1) Lat(P) = a(F, P) nvol(F) 

F-. a face of P 

where a(P, P) depends only on the normal cone of P at P. 

One immediate consequence of the existence of McMullen’s formula fl3.ip is that it provides 
another way to prove Ehrhart’s theorem. Moreover, it gives a description of each Ehrhart 
coefficient. We state the following modihed version of Theorem ll.il 

Theorem 3.1. For an integral polytope P C and any t G Zi>o, the function 

i{P,t) = Lat(fP) = IfPnZ’^l 

is a polynomial in t of degree dimP. Furthermore, the coefficient of t^ in i{P,t) is 
(3-2) E a(P,P) nvol(P). 

F: a k-dim face of P 

Proof. When we dilate the polytope P by a factor of t, each face P of P becomes tF, a face 
of tP. It is clear that the normal cone does not change. Hence, applying McMullen’s formula 
to tP, we get 


= Ya{tF,tP) nvol(tP) = ^a(P,P) nvol(P) 

F F 

Then our conclusion follows. □ 

Formula fl3.2l) for the coefficients of the Ehrhart polynomial i{P,t) gives a sufficient con¬ 
dition for Ehrhart positivity. 

Lemma 3.2. Let P be an integral polytope. For a fixed k, if a{F, P) is positive for any 
k-dim face of P, then the coefficient of in the Ehrhart polynomial i{P,t) of P is positive. 
Hence, if for every face F of P, we have a{F, P) > 0, then P is Ehrhart positive. 

As discussed in the introduction, different constructions of a{F,P) were given in the 
literature. In our paper, we will use Berline-Vergen’s construction, which we refer to as the 
BV-a-valuation. 
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3.1. Berline-Vergne’s construction. Berline and Vergne construct in [1] a function \I/([C'], A) 
on indicator functions of rational shifted cones C with respect to a lattice A, where A is a 
quotient of the lattice V n and C is inside the affine span of A. Then they show T has 
the following properties: 

(PI) Let V be the affine span of a lattice A. Then \b(-,A) is a valuation on C^iV) for any 
X G V. (Recall that Cx(V) is the algebra of shifted cones at x.) 

(P2) McMullen’s formula fl3.ip holds for rational polytopes if we set 

(3.3) a(F, P) := T([tcone^’(F, P)], {V n Z^)/L), 

where V nd L are the affine spaces spanned by P and P respectively. 

(P3) If a cone C contains a line, then T([C'], A) = 0. 

(P4) T is invariant under lattice translation, i.e., T([C],A) = T([C' + x],A + x) for any 
lattice point x. 

(P5) Its value on a lattice point is 1, i.e. T([0],A) = 1. 

(P6) T is invariant under orthogonal unimodular transformation; that is, if T is an orthogo¬ 
nal unimodular transformation, for any cone C, we have \I'([C'], A) = T([T(C)],T(A)). 
(P7) Suppose A' is the lattice generated by a subset of a basis of the lattice A and C is in 
the affine span of A'. Then T([C'], A) = ^/([C], A'). 

(P8) It can be computed in polynomial time fixing the dimension. 

Remark 3.3. Note that for integral polytopes, we have that tconeP(P, P) is a lattice transla¬ 
tion of fcone^(P, P). Therefore, by Property (P5) 

(3.4) a(P, P) = T([tconeP(P, P)], {V n Z^)/L) = T([fconeP(P, P)], {V' n Z^)/L'), 

where V and L are defined as for fl3.3p . and V and L' are obtained by shifting V and L 
to the origin. Because fcone^(P, P) is determined by ncone(P, P) as in fl2.3p . one sees that 
a(F, P) depends only on the normal cone of P at P. Therefore, this construction of a{F, P) 
does give McMullen’s formula fl3.ip . 

We have an immediate corollary to Properties (PI) and (P3): 

Corollary 3.4. Suppose Ci, C 2 , ■ ■ ■ ,Ck and K are cones satisfying 

k 

Pi-E [Ci\ modulo polyhedra with lines. 

i=l 

Then 

k 

>1'(|c1,a) = ^'|'([c,].a), 

i=l 

3 . 2 . Reduction theorem. We’ve already discused a consequence of the existence of Mc¬ 
Mullen’s formula, which reduce the problem of proving Ehrhart positivity to proving a- 
positivity. Now we will discuss a very important consequence of the BV-o-valuation - the 
reduction theorem - using which we complete the proof of Theorem 11.41 

For the rest of the section, we assume a{F,P) comes from the BV-a-valuation. Also, 
because we only deal with integral polytopes, we will take fl3.4p as the definition of a(P, P). 
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Lemma 3.5. Suppose V is a subspace ofM.^, and P C + x and Q d V + y are two integral 
polytopes for some points x and y. 

Let F he a face of P. Suppose there exist faces Gi, G 2 ,... ,Gr of Q of the same dimension 
such that 


(3.5) nconey(P, P) = nconey(Gi, Q). 

Then F is of the same dimension as Gi’s, and 

r 

a(P,P) = 5^a(G,,Q). 

i=l 

Proof. The first consequence of Equation fl3.5p is that nconey(P, P) and nconey(Gj, Q)’s all 
span the same subspace. Let L be the orthogonal complement of this subspace with respect 
to V. Then by Lemma 12.41 affine spans of P and Gfs are all shifts of L. Hence, P has the 
same dimension as Gfs. Letting A := (H fl 'L^)/L, we have 

a(P, P) = 4/(fcone^(P, P), A), and Q) = \['(fcone^(Gj, Q), A) Vi 

Next, since ncone\/(Gj, Q) fl nconey(Gj, Q) is a lower dimensional cone for any i ^ j, we 
have 

r 

[ncone(P, P)] = ^^[ncone(Gi, Q)] modulo polyhedra contained in proper subspaces. 

i=l 

Taking the polar of the above identity and applying fl2.3p yields 

r 

[fcone^(P, P)] = [fcone^(Gj, Q)] modulo polyhedra with lines. 

i=l 

Applying Corollary 13.41 we obtained the desired identity. □ 

Theorem 3.6 (Reduction Theorem). Suppose V is a subspace ofM.^, and P C R + x and 
Q d V + y are two integral polytopes for some points x and y. Assume further the normal 
fan Ey(P) of P with respect to V is a refinement of the normal fan TiviQ) of Q with respect 
to V. Then for any fixed k, if a{F,P) > 0 for every k-dimensional face F of P, then 
a{G,Q) > 0 for every k-dimensional face G ofQ. 

Therefore, BV-a-positivity of P implies BV-a-positivity of Q. 


The above reduction theorem and Proposition 12.71 immediately give the following result 
and complete the proof for Theorem 11.41 

Theorem 3.7 (Reduction Theorem, special form). Let Q d be a generalized permu- 

tohedron. Then for any fixed k, if a{F, n„) > 0 for every k-dimensional face F of H^, then 
a{G,Q) > 0 for every k-dimensional face G ofQ. 

Therefore, BV-a-positivity oflln implies BV-a-positivity ofQ. 


Proof of Theorem \1.4 


The theorem follows from Theorem 13.71 and Lemma 13.21 


□ 


Remark 3.8. All permutohedra of dimension at most n appear in and Proposition 12.71 

applies to all of these permutohera. Therefore, the polytope Q in Theorem 13.71 could be any 
permutohedron of dimension up to n. 


Remark 3.9. Theorem 13.71 stills holds if we replace n„ with any generic permutohedron, that 
is, any Perm(n) where v G is a vector with distinct coordinates. 
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3.3. More applications. Theorem 13.61 mainly follows from Properties (PI) and (P3) of the 
BV-o-valuation. In this subsection, we will give more applications of the BV-a-valuation 
as consequences of other properties, in particular Property (P6), showing reasons why this 
particular construction of a is nice. 


Lemma 3.10. Suppose A is a lattice, and P is a nonempty polytope in the affine span of X. 
Then 

(3.6) \h(fcone^('i;, P), A) = 1. 

i;€vert(P) 

Let C be a 1-dimensional cone generated by a vector v E A. Then 

(3.7) T(C',A) = l/2. 


Proof. Equation fl3.6p follows from Corollary 13.41 and the identity in Theorem 12.81 

Consider the polytope Q := conv{0, u}, which has two vertices 0 and v and has pointed 
feasible cones: 


By dM}, we have 


fcone^(0, Q) = C, fcone^(u, Q) 
T(C',A) + T(-C',A) = 1. 


However, by Property (P6), we have 


-C. 


T(C, A) = T(-C', -A) = T(-C', A). 


Then fl3.7p follows. 


□ 


We then apply the above lemma to obtain results on a{F, P). 


Lemma 3.11. Suppose P is a nonempty integral polytope. Then 

(3.8) a{v,P) = 1; 

v€:vevt(P) 

(3.9) a{F,P) = 1/2, for any facet F of P; 

(3.10) a(P,P) = 1. 

Proof. Equalities fl3.8p and fl3.9|) follow from fl3.4l) . Property (P7), and Lemma [3T0l Equality 
fl3.10p follows from the fact that fcone^(P, P) = 0. □ 

Remark 3.12. Formulas fl3.8p and fl3.10p hold for any constructions for a{F,P)] however. 
Formula fl3.9p does not hold for all the known constructions for a{F,P), and thus is a 
special property of the BV-a-valuation. 


We use the above lemma to give a quick proof for the following modihed version of Pick’s 
theorem, in which one sees that the a-values given above really corresponds to the coefficients 
appearing in Pick’s theorem. 

Theorem 3.13 (Pick’s theorem). Let P (Z If be an integral polygon. Then 

Lat(P) = area(P) + - Lat(9P) + 1, 
where dP denotes the boundary of P. 
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Proof. Applying Lemma [3.111 we get 

Lat(P) = 1 • area(P) + ^ ^ nvol(P) + 1. 

E: edge of P 

It is easy to see that edge of pis precisely the number of lattice points on the 
boundary of P Thus, the theorem follows. □ 

We remark that Lemma 13.111 also directly gives the results on the three coefficients of 
i{P,t) with explicit simple descriptions: the leading coefficient is equal to the normalized 
volume of P, the second coefficient is one half of the sum of the normalized volumes of facets, 
and the constant term is always 1. This pattern extend naturally to boxes. 

Definition 3.14. An P-dimensional box is a polytope dehned by 

|x G : tti < Xi < bi Vi G [P]} 

for some vectors a, b G M^. 

Example 3.15. Let P be an P-dimensional box. The pointed feasible cone of P at any 
vertex is equal to an orthant of By Property (P6), 

a{v, P) = ^(n, iP) = T(n, ZP) = Q;(n, P), Vn, u G vert(P). 

Since P has 2^ vertices and we have Equality (I3.8p . we conclude 
(3.11) 

a{v,P) = — \/v G vert(P), and ^(C, = — for any P-dim orthant C. 

Furthermore, note that for any Pdimensional face of P, the pointed feasible cone of P at P 
is an orthant of So by fl3.1ip . 

a(F,P) = >P(fcoiie'(F,P).Z®-*) = 

Therefore, applying fl3.2p . we get that the coefficient of P in the Ehrhart polynomial i{P,t) 
of the n-dimensional box P is 

F: a fc-dim face of P 

Let Vk be the sum of the normalized volumes of all fc-dimensional faces. Then 

i{P,t) = vdF + + ^VD-2p~‘^ H-h H-hi. 

From results we show above, one sees that Property (P6) is an important property for 
the BV-a-valuation. It provides us a way to obtain a-values for special situations without 
explicit computation for T which could be quite complicated. (See examples in the next 
subsection.) In fact, the following lemma, which states a special case of this property, will 
be applied extensively when we compute a-vaules for regular permutohedra in Section HI 

Lemma 3.16. The valuation T is symmetric about the coordinates, he., for any cone 
C G and any permutation a E &d, we have 

T(C,A) = vl/(cr(C'),cr(A)), 

where a{T) = {{x„{i),Xa{ 2 ), ■ ■ - ■ (a^i,... ,xd) E T} for any set T C 
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Figure 1. The vertices add 1 in a nontrivial way 


( 0 . 1 ) 
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_9_ 

20 


( 0 , 0 ) 


( 2 , 0 ) 


Proof. Let M„ be the permutation matrix corresponding to a. Then the lemma follows from 
the observation that T is mapped to cr(T) under the linear transformation and any 


permutation matrix is orthonormal and unimodular. 


□ 


The above result motivates the following dehnition. 

Definition 3.17. Suppose a is a construction such that McMullen’s formula fl3.ip holds. 
We say it is symmetric about the coordinates 


a{F,P) = a{G,Q) 
whenever fcone^(F, P) = cT(fcone^(G, Q)) for some a G 


Therefore, we have the following: 

Lemma 3.18. The BV-a-valuation is symmetric about the coordinates. 

Property (P 6 ), in particular Lemma 13.181 does not hold for all the known T or a- 
constructions. For example, the construction given by Pommersheim and Thomas in [T2] 
depends on an ordering of a basis for the vector space, which means their construction is 
not symmetric about coordinates. This is one of the reasons why we work with the BV-a- 
valuations for this paper. 

3.4. Examples of computing T. Below we will give examples of computing 4/ and using 
which to get a{F^ P). The computation of the function T associated to Berline-Vergne’s con¬ 
struction is carried out recursively. Hence, it is quicker to compute 4/ for lower dimensional 
cones. Since the dimension of fcone^(F’, P) is equal to the codimension of F with repect to 
P, the value of a(P, P) is easier to compute if P is a higher dimensional face. 

In general, the computation of T (C, A) is quite complicated. However, when C is a 
unimodular cone (with respect to A), that is, C is generated by a basis of A, computations 
are greatly simplihed. In small dimensions we can even give a simple closed expression for 
4/ of unimodular cones. The following result is given in |2l Example 19.3]. 

Lemma 3.19. If C = Cone('ai, ^ 2 ), where {^ 1 ,^ 2 } is a basis for a lattice A, then 



Example 3.20. Consider the polygon P in with vertices Vi = (0,0), '112 = (2,0), and 
W 3 = (0,1). The pointed feasible cone of P at Vi is the first quadrant, with T value 
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Figure 2. Unimodular decomposition of 



1/4 (see Example 13.151) . The pointed feasible cone of P at V 2 is the unimodular cone 
C 2 = Cone((—2,1), (—1,0)). Applying Lemma 13.191 


a{v2, P) — T(C2, “ 4 + Y 2 (5 t) 
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The pointed feasible cone of P at U 3 is the cone = Cone((0, —1), (2, —1)), which is not 
unimodular, so we cannot directly apply Lemma [3.191 to compute \['(C' 3 ,Z^). In order to 
compute it, we hrst decompose C 3 in the algebra of cones Co(M^) : 


[Cs] = [Cone ((0, -1), (1, -1))] + [Cone ((1, -1), (2, -1))] - [Cone ((1, -1))] 

We apply Lemma [3.191 to the two hrst cones in the above decomposition and get T values 
of 3/8 and 17/40. Then applying Lemma r3.ini we get T value of the last cone is 1/2. Finally, 
by Property (PI), we get 


P) — ^(<^3, “ g + ^ “ 2 


3 

10 ‘ 


We can also verify Equality (13.8^ : 


a{v,P) 

vGvert(P) 



1 


We hnish this part with a formula for computing T of a 3-dim unimodular cone, which 
was computed from Maple code. 


Lemma 3.21. If C = Cone{ui, U 2 , u^) where Ui,U 2 ,U 3 is a basis for a lattice A, then 


T(C',A) = - + — 
^ ^ 8 24 


(^1,^2) (^1,^2) (^1,^3) (uuUs) (n 3 , U2) (^3,^2) 

{ui,Ui) {U2,U2) {ui,Ui) {U3,U3) {U2, U 2 ) (^ 3 ,^ 3 ) 


Remark 3.22. The formulas for 2-dim and 3-dim unimodular cones appear to be simple. 
However, the apparent simplicity breaks down for dimension 4. The formula for 4-dim 
unimodular cones include (way) more than 1000 terms. 


4. Generic permutohedron 

Since the proof of Theorem ll.4l is completed in the last section, we only need to focus on the 
BV-a-valuation arising from the regular permutohedron n„, or any generic permutohedron. 
(See Remark [331) 

We use the following setup. 
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Setup 4.1. (i) Let v = (t>i, V 2 , ■ ■ ■, Vn+i) be a vector with strictly increasing entries, and 

consider the generalized perniutohedron 

Perni(u) = Perni(ni, V 2 , ■ ■ ■, r’n+i)- 

(ii) Suppose a is a construction such that McMullen’s formula fl3.ip holds and it is sym¬ 
metric about the coordinates (see Dehnition l3.17p . 

It is clear that (i) covers all generic permutoheron, and the BV-a-valuation is a special 
case of (ii). Under this setup, we will analyze formula for computing Lat(Perm(?;)) further, 
and derive a more combinatorial formula for computing a-values arising from Perm('i;). 
Applying McMullen’s formula to P = Perm(u), we get 

(4.1) Lat(Perm('i;)) = a(P, Perm(u)) nvol(P). 

F: a face of Perm(t;) 

Because of the symmetric properties of Perm(t;) and a, there are a lot of terms in the above 
summand coincident, and it is natural to group them together. In order to this, we need the 
following dehnition and proposition. 

Definition 4.2. The symmetric group ©n+i acts linearly on by permuting the coordi¬ 
nates. Two subsets Ai,A 2 C are said to be symmetric if they lie in the same orbit, i.e. 
if there exist a G 6„+i such that cr(y4i) = A 2 . Since the action is orthogonal, two symmetric 
sets are congruent, in particular, they have the same volume (if measurable). 

The following results are given in [?]. 


Proposition 4.3. There is a one-to-one correspondence between ordered set partitions of 
[n -\- 1] and faces of Peim^v) defined as follows: 

For any ordered set partition V = (Pi,P2, ■ ■ ■ ,Pi) of [n -\- 1], the corresponding face is 
obtained by maximizing any linear functional given by a vector c G R"+^ with the property 
that 

a) Ci = Cj if i and j are both in Pk for some k, and 

b) Ci < Cj if i & Pk^ and j G P^j with ki < k 2 - 

Let mi = |Pj|. Then the corresponding face has dimension n + 1 — I and it is congruent to 

Perm('yMi) x Perm(uM2) x ■ ■ ■Perm(uM,), 

i-l i \ 

vr- mk I. In other words, vm^ consists of the first mi 

k=l k=l / 

entries of v = (ui,... ,u„+i), Vm 2 consists of the next m 2 entries, and so on. 

We call the ordered tuple m := {mi,m 2 , ■ ■ ■ ,mi) the composition of V. 

Example 4.4. Let u = 5 and consider the ordered set partition V = ({1,4, 6} , {2, 5} , {3}). 
Then the composition of V is (3, 2,1). 

The face of Perm(u) corresponding to V is the face which optimizes any linear functional 
c = (ci, C2, C3, C4, C5, ce) with ci = C4 = ce < C2 = C5 < C3. In order to hgure out this 
corresponding face, we look for vertices of Perm(u) optimizing such a functional c. One sees 
that Ui, V 2 and U 3 should be in positions 1, 4 and 6 of these vertices, U 4 and U 5 in positions 
2 and 5, and Ug in position 3. Therefore, the desired vertices are 

{{ViL{l),Vr{l),VQ,V^{2),Vr{2)-,V^{;i)) : /i G ©{1,2,3},^ ®{4,5}} • 
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where VMi = 






Hence, we conclude that the face that is corresponding to the ordered set partition V = 
({1,4, 6} , {2, 5} , {3}) is congruent to 

Perni(ui,U2,'^s) x Perni(u4,U5) x Perm(u6). 

By Proposition 14.31 two faces of Perm(u) are in the same orbit, i.e. they are symmetric, if 
and only if their corresponding ordered set partitions have the same composition. Therefore, 
the orbits of the ©n,+i-action on the faces of Perm(u) are indexed by compositions m of 
n + 1. We denote the orbit corresponding to the composition m by Onirn). 

Furthermore, under Setup 14.11 the construction a is symmetric about the coordinates. 
Hence, for any hxed m, the value a(F, Perm(u)) is a constant on (P„(m), and thus we can 
dehne Q;„,(m) to be this constant. 

Finally, a canonical representative of Onirn) is chosen as below. 


Definition 4.5. Let m = (rui, m2 ,..., mi) be a composition of n + 1. Dehne an ordered set 
partition V{m) = (V{m)i') where 


V{m)i 


~ i—1 i 

y^mfc + 1, y^^mk 

_k=l k=l 


In other words, the hrst subset V{m)i consists of the hrst mi positive integers, the second 
subset V{m )2 consists of the next m2 positive integers, and so on. 

Then we dehne Fm to be the face corresponding to the ordered set partition V{m) under 
the bijection given in Proposition 14.31 


Example 4.6. Let n = 5 and m = (3, 2,1). Then V{m) = ({1, 2, 3} , {4, 5} , {6}), and 
(4.2) Fhi = conv {(u^(i),u^( 2 ),u^( 3 ), W(i), W(2)W6) : /i G ©{1,2,3}, ^ e 6(4,5}} • 


Applying the above discussions to fl4.ip . we get 


(4.3) Lat(Perm(v)) = E \On{rn)\an{rn)nyo\{Frn). 

m : composition of n + 1 


Note that one of the terms in the above formula can be explicitly described: For a hxed 
m = (mi, • • • ,mi), the number of faces in On{Tn) is equal to the number of ordered set 
partitions whose compositions are m. Thus, 


(4.4) 


\On{m)\ = 


n + 1 

mi, m2, ■■■ ,mi 


Next, we investigate properties of the face Fm- It is easy to see that Fm is always adjacent 
to the vertex v = (ui,..., Vn+i)- Note that the (pointed) feasible cone of Perm(u) at v is 
spanned by the following n vectors: 


Cl — 62, 62 — 63, . . . , — 6„+i. 

Hence, subsets of these n-vectors are in one-to-one correspondence to faces of Perm('f;) that 
are adjacent to v. This motivates the following dehnition. 

Definition 4.7. Let m be a composition of u -|- 1, and Fm the face of Perm(u) that is 
associated to m. Dehne S = S{m) to be the subset of [u] such that 

affine span of Fm = v + span{6j — 6^+1 : i G S'}. 
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Example 4.8. Let n = 5 and m = (3, 2,1). Then Fm is given by fl4.2p . One checks that 
affine span of Fm = n + span{ei — 62 , 62 — 63 , 64 — 65 }. 

Hence, S = S{m) = {1, 2,4}. 

Note that both compositions of n + 1 and snbsets of [n] are connted by the same nnmber, 
2 ”'. So it is natnral to ask whether the map m 1 —)■ S{m) is a bijection between these two 
families of objects. Indeed, we have the following lemma. 

Lemma 4.9. The map S defined in Definition ]^. ?| is a bijection from compositions ofn + 1 
to subsets of [n]. 

Proof, we can dehne an inverse to S in the following way: Snppose S' is a snbset of [n]. Let 
T = [n + 1] \ S. Snppose T = {p < t 2 < ■ ■ ■ < ti}. Then one verihes that 

S' m := (H, t 2 - h,... fii - ti-i) 

is an inverse to S, completing the proof. □ 

The above lemma tells ns that the term Fm appearing in the snmmand of Formnla fl4.3p 
can also be nnderstood as faces of Perm(n) that are adjacent to the vertex m. Fnrthermore, 
abusing notation we can use subsets of [n] to index Formula fl4.3p : 

(4.5) Lat(Perm(n)) = ^ |C)„(S)|Q:„(S')nvol(F 5 ). 

SC[n] 

Note that dim(F 5 ) = |S'|. In fact, for arguments we will carry out in both Section [5] and 
Section El it is more convenient to use subsets of [n] as our indexing. 

5. Evidence to conjectures 

We will explore consequences of Formula fl4.5p further in Section El and will only focus on 
computing an{S) for some special cases in this section. The main results of this section are 
the following two theorems, providing evidence to our conjectures. 

Theorem 5.1. For all n < 6 , the regular permutohedron n„ is BV-a-positive. 

Therefore, all the integral generalized permutohedra (including matroid base polytopes) of 
dimension at most 6 are Ehrhart positive. 

Theorem 5.2. For any n, and any face F 0 /H^ of codimension 2 or 3, we have q;(E, H^) 
is positive, where a is the BV-a-valuation. 

Hence, the third and fourth coefficients of the Ehrhart polynomial of any integral general¬ 
ized permutohedra (including matroid base polytopes) are positive. 

Clearly, in order to prove the above two theorems, we just need to verify the following two 
statements respectively, assuming a is the BV-a-valuation; 

(5.1) Cin{S) > 0, VS' C [? 7 ,],Vn < 6 , 

(5.2) an(S') > 0, VS' C [n], [S'! = n — 2, n — 3. 
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5.1. How to Compute an{S). We first describe how to compute an{S). Let V be the 
n-dimensional subspace of determined by + X 2 + • ■ ■ + Xn+i = 0. For any S C [n], 
let Ls := span{ej — Cj+i : i E S}. By Dehnition 14.71 

affine span of Fs = v + Ls- 

Therefore, applying Formula fl3.4p to our situation, we get 
(5.3) ar,{S) = T(fcone^(F5,nO,A5), 

where 

As := iVnZ-+^)/Ls. 

Observe that {e* — Cj+i : i G [n]} is a unimodular basis for V. Hence, As is the lattice 
spanned by projections of vectors in 

{e* - Cj+i : i e [u] \ 5} 

to Lg, the orthogonal complement of Ls in V. Furthermore, fcone^(Fs, n„) is the span of 
these projection vectors.We then apply directly the Berline Vergne’s recursive dehnition of 
T to 05.31) to hnd an{S). 

5.2. Small dimensions. We now prove 05.1|) by computing an{S) directly, which implies 
Theorem 15.11 

When n = 1, 2, a„(S') corresponds to a{F, H^) where F is either n„ or a facet of H^. Thus, 
the positivity of a„(S') follows from Lemma [3.111 Hence, we only need to compute an{S) 
for 3 < n < 6 . We use the procedure described above to calculate the values of these 0 ^( 5 ') 
and summarize in the examples below. 


Example 5.3. For n = 3 : 



0 

1 

2 

3 

12 

13 

23 

123 

asiS) 

1/24 

11/72 

7/36 

11/72 

1/2 

1/2 

1/2 

1 


Example 5.4. For u = 4 : 



0 

1 

2 

3 

4 

12 

13 

14 

a4(5) 

1/120 

5/144 

7/144 

7/144 

5/144 

7/48 

13/72 

5/36 


23 

24 

34 

123 

124 

134 

234 

1234 


a4(^) 

5/24 

13/72 

7/48 

1/2 

1/2 

1/2 

1/2 

1 


Example 5.5. For n = 5 : 


5 

0 

1 

2 

3 

4 

5 

a,{S) 

1/720 

137/21600 

101/10800 

37/3600 

101/10800 

137/21600 

S 

12 

13 

14 

15 

23 

24 


25 

34 

35 

45 

a^iS) 

1/32 

1/24 

1/24 

1/36 

5/96 

1/18 

1/24 

5/96 

1/24 

1/32 

S 

123 

124 

125 

134 

135 

145 

234 


« 5 ( 5 ) 

17/120 

31/180 

19/144 

47/240 

1/6 

19/144 

13/60 


235 

245 

345 

1234 

1235 

1245 

1345 

2345 

12345 

MS) 

47/240 

31/180 

17/120 

1/2 

1/2 

1/2 

1/2 

1/2 

1 


Example 5.6. For n = 6 : 



0 

1 

2 

3 

4 

5 

6 

MS) 

1/5040 

7/7200 

1/675 

37/21600 

37/21600 

1/675 

7/7200 
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5 

12 

13 

14 

15 

16 

23 


MS) 

29/5400 

1/135 

541/64800 

149/21600 

151/32400 

211/21600 



S 

24 

25 

26 

34 

35 

36 


ae{S) 

719/64800 

181/16200 

149/21600 

41/3600 

719/64800 

541/64800 

S 

45 

46 

56 

123 

124 

125 

126 

134 

135 

MS) 

211/21600 

1/135 

29/5400 

7/240 

3/80 

11/288 

7/288 

11/240 

7/144 

S 

136 

14 

5 

146 

156 

23^ 


235 

236 


MS) 

5/144 

13/288 

5/144 

7/285 

13/240 

17/288 

13/288 

s 

245 

246 

256 

345 

346 

356 

456 



MS) 

17/288 

7/144 

11/288 

13/240 

11/240 

3/80 

7/240 



s 

1234 

1235 

1236 

1245 

1246 

1256 

1345 

134 

[Q 


ae{S) 

5/36 

1/6 

23/180 

3/16 

19/120 

1/8 

37/180 

11/60 


S 

1356 

1^ 

156 

234 

5 

2346 

2356 

2456 

3456 


MS) 

19/120 

23/180 

2/9 

37/180 

3/16 

1/6 

5/36 



S 

12345 

12346 

12356 

12456 

13456 

23456 

123456 


MS) 

1/2 

1/2 

1/2 

1/2 

1/2 

1/2 

1 


One sees in all the examples above that an{S) is always positive for n < 6 . Hence, we 
complete onr proof for Theorem 15.11 


Remark 5.7. By Remark 1X51 if ae(S) is positive for all S, then we immediately have a„(S') > 
0 for any n < 6 and any S. Hence, it is enongh to use Example 15.61 to prove Theorem 15.11 
We include all the other examples so that we have more data for an{S), which might be 
helpful for future work. 


5.3. Top coefficients. We then prove fl5.2p . which implies Theorem 15.21 

We will again apply the procedure described in Subsection 15.II to compute an{S). 

We start by considering the cases where 151 = n — 2. Suppose [n] \ 5 = {i,j} with i < j. 
Then Ls = span(efc — e^+i : k ^ i,j). For k = i,j, let Uk be the projection of — e^+i to 
Lg, the orthogonal complement of Then 


Ui = 





/ 


Ui = 




0 , 0 ,--- , 0 ,- 


1 1 


3 — 13—1 3 ~ n + 1 — 3 n -\~1 — 3 n + 1 — 3 


\ 


3-i 


V 

n+l-j 


✓ 

/ 


Note that {wj, Uj} is a basis of and also spans fcone^(T 5 , H^). Therefore, applying Lemma 
13.191 we obtain a precise formula for 0^(5). 


Lemma 5.8. Suppose S C [n] such that [n] \ 5 = {i,j} with i < j. Then 


(5.4) 


an(5) 


1 _ ^ A n + l-j \ 
4 12 n + 1 — i J 
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We repeat the same procedure for the cases where [S'! = n — 3. Suppose [n] \ S' = {i,j, k} 
with i<j<k. Then Ls = span(e; — e^+i : I ^ i,j). For I = i,j, k, let ui be the projection 
of ei — e^+i to L^, the orthogonal complement of Ls- Then 


Ui = 



( 


Ui = 


o,--- ,0,- 




1 -1 






-1 


'j-Vk-j 'k-j 


,0 


— 


k-j 


n+l—k 


Uk = 


o,--- ,0, 


k — ’/c — j’n + l — fc ’n + 1 — fc 

i '---^ "---" 


k-j 


n+1—fc 


Here {itj, Uj, u^} is a basis of As and also spans fcone^(F 5 , H^). Therefore, applying Lemma 
13.211 we obtain a precise formula for a„(S'). 


Lemma 5.9. Suppose S C [n] such that [n] \ S' = {i, j, k} with i < j < k. Then 


(5.5) 


a„(S) 


1 ^ ^ I n + 1 — k'\ 

n+l-j) 


It is easy to check that an(S') are positive in both (15.4^ and (I5.5p . Hence, Theorem 15.21 
follows. 


Remark 5.10. Similar as to the proof of Theorem 15.![ it is not necessary to prove an{S) for 
both [S'! = n — 2 and [S'! = n — 3. In fact, it follows from Remark 13.81 that if Q;n(S') > 0 for 
all n and S of size n — 3, then q;„(S') > 0 for all n and S of size n —2. We again include the 
cases of [S'! = n — 2 to provide more data of an(S'). 


6. Uniqueness 

In this section, we take a different point of view and investigate the uniqueness of the T/a 
constructions for McMullen’s formula. We will apply the mixed valuation theories introduced 
in Subsection 12.41 to Minkowski sums of hypersimplices. 


Definition 6.1. The hypersimplex is dehned as 

= Perm(0, • • • , 0,1, • • • , 1) 

n+l—k 


The main result of this section is that the o-values of faces of Perm('u) are uniquely 
determined as a scalar of mixed valuation of hypersimplices if we require a and v to be given 
under Setup ST] (Theorem 16.5p . Furthermore, as a consequence of this result, we give an 
equivalent statement of Conjecture 11.31 in Corollary 16.61 
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As in Setup HAI we consider the generalized permutohedron Perni(i>) = Perni(ni, V 2 , - ■ ■ , Vn, Vn+i) 
with vi < V 2 < ■ ■ ■ < Vn < Vn+i- We have the following expression as Minkowski sum m 
Section 16]. 

Perm(r;) = + t(; 2 A 2 ,n+i H-h WnAn,n+i, 

where 

(6.1) Wi := Vi+i - Vi for i = 1,2,... ,n. 

(The tCj’s are actually edge lengths of edges of Perm(t;). But this is not relevant to our 
discussion.) 

Using the results on mixed volumes - Theorems 12.121 and 12.131 - we have the following: 

Lemma 6.2. The normalized volume o/Perm(t;) is a homogeneous polynomial in Wi’s with 
strictly positive coefficients. 

In [13], the coefficients of the above homogeneous polynomial are called mixed Eulerian 
numbers, and some basic properties are established. One of the properties is the following: 


Lemma 6.3. The coefficient of WiW 2 ■ ■ -Wn, the unique squarefree monomial, in the homo¬ 
geneous polynomial assumed in Lemma is n! 


Note that Lemma [6.31 is equivalent to 

^ ^ AdLat (A(j(l)jn+1) Aa-(2),n+l5 • • • ; A(j(n),n+l) 

O-eSn 

( 6 . 2 ) AdLat”(Ai^„_i_i, A 2 ,n+i) • • • > = 1 , 

where the follows from fl 2 . 6 p . 

Recall in Section 01 we associate a face Fm of Perm(r;) to any composition m of n + 1, 
establish a bijection S from m to subsets S of [n], and rewrite Fm as Fg. We have the 
following result on the normalized volume of Fg. 


Proposition 6.4. Suppose P = Perm(n) and S' C [nj. Let Fg be the corresponding face of 
P as defined in Section\^ and m = (mi, • • • ,mi) := iS“^(S') is the composition in bijection 
to S. Then nvol(F 5 ) is a homogenenous polynomial in {wi : i G S}, whose coefficient of 
squarefree monomial - is 

(6.3) C'n(S') := (mi - l)!(m2 - 1)! • • • (m/ - 1)!, 


Proof. By Proposition 14.31 the face Fg is congruent to 


FeTm{vMi) X Perm(i;M2) X '' ■Perm('f;Mj, 


2 — 1 


where vm. = 


Vj : 


I. Hence, nvol(F 5 ) = nvol(Perm(nMi))- Let 


k=l 


k=l 


2—1 


T^■.= \j : ^ mfe < j < ^ mfe 
k=l k=l 


Then by Lemmas 16.21 and 16.31 the normalized volume of Perm(uMi) is a homogeneous poly¬ 
nomial in {wj : j G Tj}, and the coefficient of lljGTi Wj - the unique squarefree monomial - 
in this homogeneous polynomial is {mi — 1)!. Therefore, the conclusion follows if we can show 
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that S = However, by the proof of Lemma [4.91 the complement of S with respect to 

[n + 1] is 

[n + 1] \,S= : i = 1, 2,...,, 

which is exactly [n + 1] \ Hence, we are done. □ 

The following is the main result of this section. 

Theorem 6.5. Suppose a and v are as in Setup \4S1\ Then the a values effaces o/Perm(r;) 
are uniquely determined. More specifically, if S = {si, S 2 ,..., s^}, we have 

(6.4) an{S) = ^ ^^^|fc!A^Lat '^S2,n+i; ■ ■ ■ 

where Cn{S) is defined in (16.dh . 

In particular the above formula applies to the BV-a-valuation. 

One sees that the above theorem gives a connection between the a arising from the regular 
permutohedron and the mixed lattice points counter function A4Lat^ on hypersimplices. 
Therefore, we have the following: 

Corollary 6.6. The following are equivalent: 

(1) For any S = {si,..., Sk} C [n], we have 

As2,n+1) ■ ■ ■ ) ^sj,,n+l)' 

(2) The regular permutohedron H^ is BV-a-positive. 

Proof of Theorem \6.5[ Let Wi be dehned as in fib.ip . Theorem 12.151 or Theorems 12.91 and 12.141 
tell us that the number of lattice points in 

Perm(v) = wiA^^n+i + W 2 A 2 ,n+i H-h 

is a polynomial in the Wi variables. We denote this polynomial by = E{wi,W 2 , ■ ■ ■ ,Wn). 
We focus on the coefficient of squarefree monomials ws '■= hand, 

by fl2.5p and fl2.6l) . this coefficient is equal to 

(6.5) A;!A4Lat^(A^^_„_i_i, As2,n+i) • • ■ j^s^.n+i)- 
Next by Equation fl4.5p . we have 

E{wi,... ,Wn) = ^ |C>n(5')|a„(S')nvol(Fs). 

Sc[n] 

(Proposition 16.41 guarantees that the right hand side of the above expression is indeed poly¬ 
nomial on the Wi variables.) Note that according to Proposition 16.41 the only contribution 
to the monomial ws = summand above is the term corresponding to S, and 

it is given by C„(S'). Using these, we conclude that the coefficient of ws in E{wi, ..., Wn) is 

(6.6) a„(5)|a(5)|a(^) 

Finally, our two expressions, 06.51) and 06.6p . for the coefficient of ws in E has to agree. 
Hence, the conclusion follows. □ 
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Proposition 16.41 and Equation fl4.4l) allow us to give an explicit formula for |C>„(S')|C'ri,(S') 
using the bijection of Definition 14.71 

1 mi ■ 7712 ■ ■ ■ mi 

^ ^ \On{S)\Cn{S) ^ (n + 1 )! • 

Hence, we rewrite Equation fl6.4p as 

(6.8) A. 3 ,n+ 1 , • • • , A.„n+l). 

pn + ij! 

Formula fl 6 . 8 l) allows us to compute some examples of a„(S'). 


Example 6.7. Consider S = [n] as a subset of [n + 1]. Its corresponding composition is 
m = S~^{S) = (n + 1), and Fs = Perm('i;). By Equation fl3.10p . we have an{S) = 1. 
Therefore, Formula fl 6 . 8 p gives: 

77- “ 1 “ 1 

- ■ -Yr77/!-''^L8jt (Ai 72+1? A 2 ri+ 1 : • • • 7 1 , 

[n + 1)! 

agreeing with fl 6 . 2 p . 


Example 6.8. Consider n = 3 and S = {1,3} C [3]. The corresponding composition is 
m = (2,2). Applying fl 6 . 8 p . we get 

Q^sdljS}) = 2!A4Lat^(Ai^4, A3^4). 

Furthermore, Theorem 12.161 provides a way to compute mixed valuations: 

2!A4Lat^(Ai^4, A3^4) = Lat^(Ai^4 + A3^4) — Lat^(Ai^4) — Lat^(Ai^4). 

By the comment after Theorem 12.141 for any polytope Lat’^(P) is the coefficient of F in the 
Ehrhart polynomial i{P,t). Hence, we can hgure out the terms in the right hand side of the 
above equality by computing corresponding Ehrhart polynomials: 

10 o . 11 

*(Ai 4 + A 34 ,t) — —t + 5t + —t + 1, 

1 S 2 11 

*(Ai4,t) — ^ 

6 6 

1 2 9 11 

6 6 

Therefore, 

2!A4LatdAi,4, A 3 , 4 ) =5 - 1 - 1 = 3, 

and 


a3({1.3})=^-3 = i, 
which agrees with (13. 9 p since P{i, 3 } is a facet. 

Example 6.9. Consider S = {i}. Then Fs is an edge, and the corresponding composition 
m consists of one copy of 2 and n — 1 copies of 1. Hence, 

2 

(Ajn+l)- 

(n + 1 )! 
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We now use the above formula to compute a 5 ({i}) which are for edges E of IIs. 

Again, Lat^(Aj ^6 is the linear coefficient of the Ehrhart polynomial of So we compute 
these polynomials: 


i(Ai,6,t) = 

^(A3,6,t) = 

Therefore, 

«5({2}) = 
“5({3}) = 

agreeing with Example 15.51 


1 . 1 4 17 3 15 2 137 ^ 

- E + -r H- E H-r H- 1 + 1, 

120 8 24 8 60 ’ 


13 . 84 47 

60 '' 


101 


„ , + 5E + —t + 1, 

2 12 30 ’ 

11 , 11 4 23 3 25 2 37 
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10 


—Lat^(Ai^6) 
^Lat^(A2,6) 
— Lat^(A3^6) 


2 137 137 

7^"^ “ 21600’ 
2 101 _ 101 

7^”^ “ 10800’ 
2 37 _ 37 

7^10 “ 3^’ 


7. Toric Perspective 


McMullen’s originally showed that there are inhnitely many solutions to McMullen’s for¬ 
mula. In principle, even if Berline-Vergne’s construction is not positive on the braid arrange¬ 
ment fan there may be another construction that is positive. Our main purpose in this 
section is to prove Proposition 17.21 which says in particular that if any construction coming 
from Pommersheim-Thomas methods is positive on then Berline-Vergne’s construction 
is also positive. For this we use a standard argument in toric varieties [HI Section 5.3]. 

Setup 7.1. Let M a lattice, P C M( 8 )zM be an n dimensional lattice polytope, A its normal 
fan, subdivided if necessary to obtain a unimodular fan, and X = W(A) the corresponding 
toric variety. If P has the facet description 

F = {x G M” : (x, npi) > -ai} 

where Pi are the facets of P and npi are their normal vectors, then F determines a divisor 

Dp = ^ aiDF^ 

i 

where Fj?. is the divisor associated to the facet Fj. The divisor D is Cartier and it is 
generated by its global sections. 

Since the torus invariant cycles generate the Chow ring, the Todd class of X has a (non¬ 
unique) expression of the form 

(7.1) Td(X) = ^r„lV'(a)]. 

o-eA 

Such an expression gives a solution to McMullen’s formula 

(7.2) Lat(F) = F)nvol(F) 

FCP 
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with a{F, P) = Ta, where a = ncone(F, P). We briefly explain how. 

First of all, we have the following two key facts about the divisor Dp: 

(1) dimH^{X, Dp) = Lat(P). 

(2) W{X,Dp) = 0 for j > 0. 

Combined together, we get x(X, Pp) = Lat(P). Now we can use the Riemann-Roch- 
Hirzebruch theorem to compute the euler characteristic. 

x{X,Dp) = deg (ch(Pp) ■ Td(X))o. 

In the present case, where Dp is a divisor, we have 

P’ 7~v In 

ch(Dp)=5:^. 

k=0 

The zero sub index means that we only care about the zero dimensional part of the inter¬ 
section, so we can write 

( 7 . 3 ) x{X,Dp) = J2 

k=0 dim(T=fc k / 

One of the pleasant connections between toric varieties and discrete geometry is the relation 

deg =nvol(P^), 

where P^- is the face of P with normal cone a. Combined with x(X, Dp) = Lat(P) we get a 
solution for McMullen’s formula 

Lat(P) = P)nvo\{F) 

FCP 

with a{F, P) = r„, where a = ncone(P, P). 

Originally, Danilov asked if the coefficients in the Equation fl7.ip could be given depending 
just on a. Even though this is more general than McMullen’s formula, Berline-Vergne’s 
construction actually solve Danilov’s question as well [3]. 

Proposition 7.2. Let A be the braid arrangement fan The following are eguivalent: 

(1) The Todd class is positive with respect to the torus invariant cycle, that is 

Td(A'(A)) = 5^r,lrM|, 

ctGA 

with To- > 0. 

(2) The regular permutohedron n„ is BV-a-positive. 

Note that the condition in part (1) of Propsition l7.2l is much weaker than Danilov’s condi¬ 
tion, since we only need to choose r„ for a in the braid arrangement fan A, and do not need 
to worry about assignments to cones in other fans or whether fll.ll) holds for other fans. 

Proof. Clearly we have (2) ^ (1) since Berline-Vergne’s construction solves Danilov’s ques¬ 
tion. 

Now assuming (1), we will prove (2). By Corollary 16.61 we only need to show that the 
mixed lattice points valuation A^Lat^ on hypersimplices is always positive. We modify the 
Riemann-Roch-Hirzebruch argument to compute this mixed valuations. 
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Consider Pi = Ai^n+i for 1 < i < n. Each of them is compatible with the fan so they 
each dehne a divisor Di. Clearly, the divisor Dp := wiDi + ■■■ + WnDn corresponds to the 
polytope P = wiPi + • • • + WnPn- Now we use the Riemann-Roch-Hirzebruch argument as 
above. We have that: 

(7.4) Lat(P) = x(V,Dp) = ^ r,deg f ^|V'(ff)| 

k=0 dim a=k ^ 

Since = {wiDi + ■ • • + WnDn)^, it follows naturally that Lat(P) is a polynomial in the 
WiS. Let S = {si, • • • ,Sfc}, and consider coefficient of squarefree monomials ws ■= 
in this polynomial. On the one hand, it is clearly given by 

^-degr^[R(a)]V 

dim(T=/c ^ ^ 

where Ds = other hand, similar as in the proof of Theorem 16.51 this 

coefficient is given by fl6.5p . Therefore, we get 

(7.5) fc!WlLat^(Asj,„+i, ^ r^deg (^^[V{a)]\ , 

dima=k ^ '' 

where Ds = Since Di are generated by global sections, each intersection product 

P 5 [R((j)] of the right hand side of fl7.5l) has positive degree. Therefore we have that the 
value of fl7.5p is nonnegative for r„ > 0, . It is left to show this value cannot be zero. 

We assume to the contrary that the right hand side of fl7.5p is equal to 0. Then 

Ds[V{a)] = 0 Vcr of codimension k. 

But the torus invariant cycles generate the Chow groups [HI Section 5.1]. so it follows that 

(7.6) Ds-C = 0 VC'GAfc(X), 

in the Chow ring. Note that the coefficient of W[n\ = WiW 2 ... of the polynomial fl7.4l) is 
given by deg(i7ii72-D3 • ■ ■ D^) which is strictly posivity by Lemma 16731 Hence, we have 

deg(PiP2P3 • • ■ Dn) = deg(P[„]) > 0. 

So D\^n] is nonzero in the Chow ring. 

Now let S be the set complement of S in [nj. We have that D-g G Ak{X) and Ds ■ D-g = 
Zl[„] 7 ^ 0, contradicting Equation fl7.6l) . □ 

Proposition 17.21 provides us another way to attack Conjecture 11.31 using theory of toric 
varieties. For example, any construction that answers Danilov’s question can potentially 
provide a way to prove our conjectures. 
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